Reflection-Extension of Fusion Algebras by 岡田, 聡一
TitleReflection-Extension of Fusion Algebras
Author(s)岡田, 聡一








Reflection-Extension of Fusion Algebras
(Soichi Okada)
\S 1. .
Fusion algebra , ( )
, [B1]([B2] )
.
. ( J\mbox{\boldmath $\nu$} fusion algebra) $\mathfrak{U}=<x_{0},$ $x_{1},$ $\ldots,$ $x_{d}>$ , $x_{0},$ $\ldots,$ $x_{d}$
$C$ $\mathfrak{U}$ , $x_{i}x_{j}= \sum_{k=0}^{d}N_{ij}^{k}x_{k}$ .
, $\mathfrak{U}$ fusion algebra .
(1) $\mathfrak{U}$ .
(2) $N_{ij}^{k}\in \mathbb{R}$ .
(3) $\{0,1, \ldots, d\}$ $\{0,1, \ldots, d\}$ $\wedge:i\mapsto\hat{i}$ 3 .
(a) $\hat{i}=i\wedge$ .
(b) $N_{i\hat{j}}^{\hat{k}}\wedge=N_{ij}^{k}$ .
(c) $N_{ijk}$ $:=N_{i^{\hat{k_{j}}}}$ $i,$ $j,$ $k$ .
(4) $N_{0j}^{k}=\delta_{jk}$ .
(5) $\mathfrak{U}$ 1 $\Delta_{\mathfrak{U}}$ $\Delta_{\mathfrak{U}}(x_{i})=\sqrt{k_{i}}(k_{i}>0)(i=0,1, \ldots, d)$
.
, $N_{i}^{k_{j}}$ , $\mathfrak{U}$ integral .
, . $\mathfrak{U}=<x_{0},$ $\ldots,$ $x_{d}>,$ $\mathfrak{B}=<y_{0},$ $\ldots,$ $y_{d’}>$
fusion algebra , $F$ : $\mathfrak{U}arrow \mathfrak{B}$ ,
$F(x_{j})= \sum_{i=0}^{d’}F_{ij}y_{i}$
. , .






LL $G$ $C(G)$ ,
$\chi_{0}=1_{G},$ $\chi_{1},$ $\ldots$ , $\chi_{d}$ , $\chi;\otimes\chi_{j}=\sum^{d}N^{k}$ , integral
fusion algebra . $H$ $G$ , $F={\rm Res}_{H}^{G}$ : $C(G)arrow C(H)$ $G$
$H$ , (1.1), (1.3), (1.4) . , $F$
, $h\in H$ , $h$ G- $H$
1 H- .
1.2. $\mathfrak{U}$ fusion algebra , $\mathfrak{B}=C$ 1 fusion algebra .
, $F$ , (5) $\Delta_{\mathfrak{U}}$ , $(1.1)-(1.4)$
.
, $\mathfrak{U}$ $\mathfrak{B}$ $\mathfrak{U}\oplus \mathfrak{B}$
. $x,$ $x’\in \mathfrak{U},$ $y,$ $y’\in \mathfrak{B}$ ,
$(x\oplus y)(x’\oplus y’)=(xx’+F^{*}(yy’))\oplus(F(x)y’+yF(x’)+FF^{*}(yy’)-yy’)$
, $F^{*}(y;)= \sum_{j}^{d_{=0}}F_{ij}x$; .
1.3. $\mathfrak{U},$ $\mathfrak{B},$ $F$ $(1.1)-(1.4)$ , $\mathfrak{U}\oplus \mathfrak{B}$
, . , $\mathfrak{U}\oplus \mathfrak{B}$ , $\{x_{i}\oplus 0:i=0, \ldots, d\}\cup\{0\oplus y_{j}$ : $j=$
$0,$
$\ldots,$
$d’$ } fusion algebra . , $\mathfrak{U},$ $\mathfrak{B}$ integral , $F_{i}$;
, fusion algebra $\mathfrak{U}\oplus \mathfrak{B}$ integral .
fusion algebra $\mathfrak{U}\oplus \mathfrak{B}$ $C(\mathfrak{U}arrow F\mathfrak{B})$ .
1.4. $\tilde{F}$ : $C(\mathfrak{U}arrow F\mathfrak{B})arrow \mathfrak{U}$ $\tilde{F}(x\oplus y)=x+F^{*}(y)$ , $\tilde{F}$
, $(1.1)-(\underline{t}.4)$ .
, .
\S 2. Differential poset.
R. Stanley [S1] , differential poset ,
chain .
\S .1 fusion algebra , differential poset reflection-extension
.
57
$P$ (poset =partially ordered set) . $x,$ $y\in P$ , $x>y$
$x>z>y$ $z$ , $x$ $y$ (cover) , $x\triangleright y$
. ,
$C^{+}(x)=\{y\in P:y\triangleright x\}$ , $C^{-}(x)=\{y\in P:y\triangleleft x\}$
. $P$ $P=LI_{n\geq 0^{P_{n}}}$ $P_{n}$ disjoint union ,
$x\in P_{n},$ $x\triangleright y\Rightarrow y\in P_{n-1}$ , $P$ graded poset . , $P$
$[x, y]=\{z\in P :x\leq z\leq y\}$ , $P$ locally finite
.
. ([S1]) $r$ . $P$ , r-differential
poset .
(D1) $P$ locally finite graded poset , $\hat{0}$ .
(D2) $x,$ $y\in P$ , $x\neq y$ , $\#(C^{-}(x)\cap C^{-}(y))=\#(C^{+}(x)\cap C^{+}(y))$
(D3) $x\in P$ , $\neq C^{+}(x)=r+\# C^{-}(x)$ .
$P$ locally finite poset , $x\in P$ $C^{+}(x)$ . $CP$




. , r-differential poset
.
2.1. $P$ r-differential poset (D1) , $P_{n}$
. , .
(1) $P$ r-differential poset .




2.2. $P$ r-differential poset . $x\in P_{n}$ ,
$e(x)=\#\{(x^{(0)}, x^{(1)}, \ldots, x^{(n)}) : x^{(0)}=\hat{0}, x^{(n)}=x, x^{(i+1)}\triangleright x^{(i)}(i=0, \ldots , n-1)\}$
,
(1) $\sum_{x\in P_{n}}e(x)^{2}=r^{n}n!$ .
(2) $\sum_{n\geq 0}(\sum_{x\in P_{n}}e(x))t^{n}/n!=\exp(rt+rt^{2}/2)$ .
, l-differential poset , Young
Young $Y$ . Young , CY, $U,$ $D$
. $n$ $\lambda\in CY_{n}$ $\lambda$ $6_{n}$ $\chi^{\lambda}\in C(6_{n})$
, $CY_{n}$ $C(6_{n})$ , fusion algebra . ,
$D$ : $CY_{n}arrow CY_{n-1}$ ${\rm Res}_{6_{n-1}^{n}}^{6}$ : $C(6_{n})arrow C(6_{n-1})$ , ,
$U$ : $\mathbb{C}Y_{n}arrow \mathbb{C}Y_{n+1}$ $Ind_{6_{n}}^{6_{n+1}}$ . .
. l-differential poset $P$ , $CP_{n}$ $D|_{CP_{n}}$
fusion algebra ?
l-differential poset , reflection-extension .( $[S1, \S 6]$
.) $P=II_{i=0^{P_{i}}}^{n}$ graded poset , $0\leq i\leq n-1$ , $(DU-UD)|_{CP;}=I_{CP;}$
. ,
$P_{n+1}=\{(1, x) : x\in P_{n}\}\cup\{(2, y) : y\in P_{n-1}\}$
, $P_{n}$ $P_{n+1}$
$C^{-}(1, x)=\{x\}$ , $C^{-}(2, y)=C^{+}(y)$ $(x\in P_{n}, y\in P_{n-1})$
. , $E(P)=P$ Il $P_{n+1}$ , $0\leq i\leq n+1$ , $(DU-$





\S 1 fusion algebra differential poset . ,
fusion algebra $\mathfrak{U},$ $\mathfrak{B}$ , $P_{n-1}$ , $\mathfrak{U}=CP_{n},$ $\mathfrak{B}=$
$CP_{n-1}$ , $F=D|_{CP_{n}}$ (11)$-(14)$ .
, $C(\mathfrak{U}arrow \mathfrak{B})F$ $P_{n+1}$ , $\mathbb{C}(\mathfrak{U}arrow F\mathfrak{B})=CP_{n+1}$ ,
1.4 $\tilde{F}$ $D|_{CP_{n+1}}$ .
\S 3. Association scheme.
association scheme , 2 fusion algebra
. $\mathcal{X}=(X, \{R;\}_{0\leq i\leq d})$ association scheme , $A$; $R$;\iota \llcorner \check
. , $\mathcal{X}$ BoseMesner algebra $\mathfrak{U}=<A_{0},$ $A_{1},$ $\ldots,$ $A_{d}>$
$A;/\sqrt{k_{i}}$ ( $k$; $R_{i}$ valency ) , fusion algebra .
fusion algebra $\mathfrak{U}(\mathcal{X})$ . , $\mathfrak{U}$ Hadamard $nE_{i}/\sqrt{m_{i}}$
( $n=|X|$ , $E$; $\mathfrak{U}$ , $m;=rankE_{i}$ ) fusion algebra
. fusion algebra $\mathfrak{U}^{*}(\mathcal{X})$ .
, $\mathfrak{U}=C(G),$ $\mathfrak{B}=C(H))F={\rm Res}_{H}^{G}$ , \S 1 fusion algebra
$G(C(G){\rm Res}_{arrow}C(H))$ association scheme . , $\mathfrak{U}$
association scheme $\mathcal{X}$ , 1.2 $C(\mathfrak{U}arrow C)$
association scheme . , $G(\mathfrak{U}(\mathcal{X})arrow C)$ ,
$\overline{A_{i}}=A_{i}\otimes I_{n+1}$ $(i=0, \ldots, d)$
$\overline{A_{d+1}}=J_{n}\otimes(J_{n+1}-I_{n+1})$
association scheme $\tilde{\mathcal{X}}$ fusion algebra :
$C(\mathfrak{U}(\mathcal{X})arrow C)\cong \mathfrak{U}(\tilde{X})$
, $\mathbb{C}(\mathfrak{U}^{*}(\mathcal{X})arrow C)$ ,
$\overline{A_{0}}=A_{0}\otimes I_{n+1}$
$\overline{A_{i}}=A_{i}\otimes J_{n+1}$ $(i=1, \ldots, d)$
$\overline{A_{d+1}}=A_{0}\otimes(J_{n+1}-I_{n+1})$
60
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